Fourier transform of Images
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Fourier transform

Joseph Fourier has put forward an idea of
representing signals by a series of harmonic functions

f(X)= J,F(U)ejzmxdu inverse
“w

F(u) = I f (X)e—iZdeX forward

\g - - .
Fourier coefficients

Joseph Fourier
(1768-1830)



Fourier transform - example
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Fourier transform - example




Fourier transform - example
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Fourier transform of images

Monochrome image Fourier spectrum

Why do we convert images (signals) to spectrum domain?
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Fourier transform of images

Why do we convert images to spectrum domain?

1. For exposing image features not visible in spatial
domain, eg. periodic interferences

2. For achieving more compact image representation
(coding), eg. JPEG, JPEG2000

—— 3. For designing digital filters

4. For fast processing of images, eg. digital filtering
of Images In spectrum domain



Fourier transform of images

1. Detection of image features, eg. periodic
Interferences
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Fourier transform of images

F(u,v)= j j f(x,y)e 17 W)dxdy | forward

—00 —00

f(xy)= | [F(uv)e ™ dudv | inverse

—00 —00

—— | Euler equations?

COSayyt :;(ejwbt _|_e—jwot) sina)ot — 21j(ejwot _e—jwjt)




Amplitude and phase spectrum
of the Fourier transform of images

F (u,v) =| F (u,v) |e” @R UVl

[F(u,V) =y Re(F (U, v))2 + Im(F (u, )2
Im(F (u,v))
Re(F (u,V))

arg(F (u,v)) = arctan




The Discrete FT of Iimages
N 1

Z
H

f (X, y)e—j 27 ux+wy )/ N

)= 23S

da u,v= O,].,...,N -1

<
[

Nl

f(x,y)= %

Z

1

F( ) +j2m( ux+vy)/ N

[
o

da x,y=0]1,...,N—1 | Numberof computations

for 512x512 image?




1D computational example

f(x)=[1344] N =4 el =cosf+ jsing
F) = 3 f (eI

N x=0
0= 3 0 =10+ 10+ 1)+ 19)-
:%[1+3+4+4]:3
Y ==(-3+])
1 =20
F(8) 2 v =2 (3+1)
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Fourier amplitude spectrum
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Fourier amplitude spectrum
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Detection of periodic distortions
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Fourier phase spectrum of an image

IF(u,v)
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Properties of the two-dimensional
Fourier transform

Separability:
(0,0) (N-1) (0,0) (N-1) (0,0) (N-1)

tr. rows tr. columns
f(x,y) —> F(X,V) —> F(u,v)

(N-1)| (N-1)| (N-1).

Computation of the 2-D Fourier transform as a series of
1-D transforms
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Separability of the 2-D Fourier transform

N-1N-1 .
FUV) =23 3 f(xy)e Zeemin
N x=0 y:O
F(/X\,V)
< N
N-1 . N-1 :
F(UV)=— 3 e 12BN S £y yyemi2myin
N x=0 y=0
1 N-1

F(u,v) = N > F(x,v)e 1&/N
x=0




Example

Images

FT

N

Amplitude
spectra




Shift in the spatial domain

Images

FT

~. ~..

N

Amplitude

j2n{ux, +vy,)
N

f (X=X, Y= Yo) = F(u,v)exp




Properties of the two-dimensional
Fourier transform

Convolution:

F{1(xy) 9(x.y)} = F(u,v) UG(u,v)

F{1(xy) Ho(xy)} = F(u,v) G(u,v)

This property is useful in designing digital image
filters.



g(a),

1/2

f(a)s
1
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9(-a)1
1/2
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f(a)gﬁx— Q)

g(x-a)
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1-D convolution
example

X

f (x) Og(x) = of f(a)g(x-a)da

f(a)g(x-a)

1/2 [

\

T(X)*g(x)
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2-D convolution of discrete functions

f(1,]), 9(1,])) — dicretete 2-D functions of period NxN

Increase periods of f(i,])) and g(i,}) up to

M=2N-1:

. [fd,k) Os<iksN-1 g(i,k)
fe("k)_{o Neikem-1 K {

O<i,ksN-1
N<i,k<sM -1

M-1M -1

fo(i,K)Oge(i, k)= > > fo(mn)ge(i -

m=0 n=0

m,k —n)
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]

f(a)s g(a), 1-D correlation
1 - example
1/2
> a 1 S a
f(X)og(X) = oof alg\x+a)da
o(x+a) f(a)gﬁx+a) _Ioo ( ) ( )
1/2
172 %
X| 1 9 X| 2
f(@)g(x+a) f(x)°g(X)
1/2 1/2
0., T~
X 2 -1.5 15 X 25




Correlation of 2-D discrete functions

f(1,]), 9(1,])) — dicretete 2-D functions of period NxN

Increase the periods as for convolution:

M-1M -1

fe(,K) o ge(l,K) = 2 2. fe(MN)ge(l + MKk +n)
m=0 n=0

26




Periodicity of the FT

F(u,v)=F(u+N,v)=F(u,v+N)=F(u+ N,v+ N)

If f(x,y) is a real valued function then:

F(uv) = F *(-u,-v)

and:

| F(uV)| = [F(-u,-v)|




Fourier transform of images

v\ 'FfX\l\ 'F{X\’\ .

HSGY) YY) ) It is assumed the
transformed image
IS a periodic

i ‘ v\ /] function of period

IR AL LT S RL L AR v

f[x,\l> f[x’\l> f[x’\l}
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Translation in the spectral domain

f (X, y)exp

N

[ j2m{uyX +Vpy)

= F(u—uo,v—vo)

This Fourier property is known as the theorem

of modulation.
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Translation in the spectral domain

FUl g----------------- i

Matlab; fftshift

ftshift(|F(u)]) 4

N/2 N %



Translation in the spectral domain

f (x, y) exp|

| jZT[(UoX+ VoY)

N

A

F(u—ug,v-vp)

for uO:VO:E = F(u—— V__j

f(x,y)exp

2

| jZT[(UoX+ VoY)

N

= f(x, y)exp[JTr(X+ y)|=f(xy

x+y

i




Translation in spectral domain

fitshift(|F(u,v)|)




Rotation

00

&

6,= 45°

f(r, 0+ &) = F(w ¢+ &)
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Linearity

[Faf(xy) + bg(xy)} =aF(uyv) + b G(u,v)
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Scaling

[ f(ax,by)} = |ab|L F(u/a, vib)

abllR




Average value

N-1N-1

-1 N-1

N

36




Fourier transform of an image - examples

—)

F1]

f=zeros(30,30);
f(5:24,13:17)=1;

imshow(f,'notruesize’)

F=fft2(f); %compute 2-D Fourier transform
F1=log(abs(F)+1); %amplitude spectrum
imshow(F1,[0 5],'notruesize’);




Discrete
Fourier
Transform

Basis functions
for 30-point
Fourier
transform (sine
component)
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Fourier transform of an image - examples

—)

f

%better resolution
f=zeros(30,30);
f(5:24,13:17)=1;
F=fft2(f,256,256); |F2]
F2=log(abs(F)+1);
imshow(fftshift(F2),[0 5],'notruesize’);




The Fast Fourier Transform, FFT
(succesive doubling method)

If N=2" then N=2*M and one can show that:

1 M-1 . 1 M-1 .
Feven(U) = M Zo F(2x)Wy,  Foga(u) = M Zo f (2x+DWy,
X= X=

F(u) :%[Feven(u) +F g (UWoy ], u=01..,M-1

—F(u+M) :%[Feven(u) oW1, u=01..M-1

— A~ )21/ M
W, =€
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Comparison of TF and FFT

N |N°(FT)| NlogN |Advantage
(FFT) | N/logN |
16 256 64 4
256 65535 | 2048 32
512 | 262144 | 4608 64
2048 ~4e6 | 22528 186
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2-D Fourier transform

Interactive noise reduction in Fourier spectrum

IFFT
..................’
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Discrete Cosine Transform (DCT)

'i\'z:‘:r‘l f(x.y) co{ (2x +1)} co{ 75(2y +1)}

forruv=12,... N-1

Fourier spectrum of a real

_ Image
valued and symmetric J

function has real valued
~coeffcients, ie. only those

associated with the cosine

components of the Fourier ~ N-1

series &




DCT basis functions

DCT basis
functions for 8x8
Image blocks




Discrete Cosine Transform (DCT)

fast vanishing of
the coefficients

‘autumn’ image Image cosine transform

The JPEG image compression standard
IS based on DCT s



Other image transforms

the Karhunen-Loeve transform - equivalent
to the PCA (Principal Component Analysis)

Is used in JPEG-2000
Image coding standard

the wavelet transform -
eigenfaces ©OAT&T Labs
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Other image transforms

JEPEGH 01 hpp f"“ VWavelet 0.1 bpp

JPEG-2000
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